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Abstract
Characterization of ω1-metrizable spaces whose product with every paracompact space is paracompact, is given. We proved that
this class coincides with the class of all ω1-metrizable spaces whose product with every paracompact space is normal. It is shown
that if X belongs to the above mentioned class then Xω is paracompact. Also if Z is an ω1-metrizable closed image of X then Z
belongs to the above mentioned class. Some other results related to the questions of R. Telgarsky are presented.
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Let us denote by P the class of all spaces whose Cartesian product with every paracompact space is paracompact.
The general question is to characterize the class P and to verify, whether the class is closed with respect to closed
mappings and Xω is paracompact provided that X belongs to P , see [13–15]. Similar problems have been formulated
for the Lindelöf property. Some related results were obtained in [3,4,9–11] and [17]. The case of paracompactness
is more complicated because a continuous image of an element of P does not need to belong to P . We adopt the
topological terminology from [5] and set-theoretical from [8]. All spaces considered in the paper are regular. By a
P -space we mean a space whose topology is closed with respect to countable intersection. In the sequel ω and ω1
stand for the first infinite ordinal number and the first uncountable ordinal number, respectively. We shall identify a
given ordinal number with the set of its predecessors. The symbol Lim will stand for the set of all limit countable
ordinal numbers and D(τ) will denote the discrete space of cardinality τ . In case of τ = 2 we shall write D = {0,1}.
If x ∈ Dω1 then suppx = {α < ω1: x(α) = 1}. If x ∈ D(τ)ω1 then x|α stands for the projection of x onto the first α
coordinates. By (D(τ)ω1 , b) we mean the set D(τ)ω1 with the topology generated by the sets of the form B(x,α) =
{y ∈ D(τ)ω1 : y|α = x|α}, where x ∈ D(τ)ω1 and α < ω1. A space X is an ω1-metrizable space if it can be embedded
in (D(τ)ω1 , b), for some τ . If A is a set then the symbol |A| stands for cardinality of it and w(X) denotes the weight
of a topological space X. The Continuum Hypothesis is abbreviated by (CH).
The aim of this note is to prove the following results:
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not normal.
Theorem 1. If X is an ω1-metrizable space then the following conditions are equivalent:
(a) X ∈ P ,
(b) X × Y is normal for all paracompact spaces Y ,
(c) There is a neighborhood assignment x → Ux such that for every infinite subset A of X the intersection⋂{Ua: a ∈
A} is empty.
Theorem 2. If X is an ω1-metrizable space and X ∈ P , then Xω is paracompact. If an ω1-metrizable space Z is
a closed image of X, then Z ∈ P .
Remark 1. H. Junnila proved, see [6], that the class of spaces indicated in condition (c) coincides with the class
of spaces having a closure-preserving cover by finite closed sets. H. Junnila pointed out to me that the implication
(c) → (a) is (essentially) a special case of the old result of R. Telgarsky, see [16], according to which P contains all
paracompact spaces with a closure-preserving cover by compacta.
Remark 2. J.E. Vaughan proved, see [17], that there is an ω1-metrizable space X such that Xω is not normal. Under
(CH) the weight of X is equal to ω1. All finite Cartesian powers of X are paracompact, because it is ω1-metrizable.
A subset R of S is said to be well-situated in a space S, if for every paracompact space T , every open covering of
R × T in S × T has an open locally finite refinement in S × T . The symbol Π∗ stands for the class of all spaces R
which are well situated in every paracompact space S that R is embedded in S as a closed subset.
R. Telgarsky proved, see [16], that every C-scattered paracompact space belongs to Π∗ and posed the following
question, see [16, Problem 2.3, p. 72]: does the class of all C-scattered spaces coincide with the class Π∗?
By a C-scattered space we mean a space such that every closed subset of it contains a point of local compactness.
Since compact subsets of P -spaces are finite, we conclude that C-scattered and scattered coincide for P -spaces.
Theorem 3. If X is an ω1-metrizable space, then the following conditions are equivalent:
(1) X is scattered,
(2) X ∈ Π∗.
Remark 3. The first example of a paracompact P -space whose square is not normal was given in [1].
Lemma 1. If X is a P -space then X has a base consisting of clopen (closed and open) sets of cardinality equal
to w(X).
Proof. Lemma 1 follows from [5, 1.1.15] and the fact that a regular P -space has a base consisting of clopen sets. 
Lemma 2. If X is a P -space and w(X) ω1, then every open cover of X has a pairwise disjoint open refinement.
Proof. Let U be an open cover of X. Without loss of generality we can assume that U ⊂ B, where B is a base of
cardinality ω1 consisting of clopen sets. If {Uα: α < ω1} then {Hα: α < ω1}, where Hα = Uα\⋃{Hβ : β < α}, is
a pairwise disjoint open refinement. 
Lemma 3. If X is a P -space and w(X) ω1 then X can be embedded in (Dω1 , b).
Proof. The proof mimics the corresponding result for irrationals. By the transfinite induction with respect to α < ω1
we can define a sequence Bα of pairwise disjoint clopen covers of X such that the union ⋃{Bα: α < ω1} is a base of
X, Bα = {Ux : x ∈ 2α} and if α < β < ω1, x ∈ 2α then for each Ux ∈ Bα we have ⋃{Uy : y ∈ 2β and y|α = x} = Ux .
2510 K. Alster / Topology and its Applications 153 (2006) 2508–2517For every x ∈ X there is a unique sequence y ∈ 2ω1 such that x ∈ Uy|α , for α < ω1. Put h(x) = y. It is easy to see that
h is an embedding X into (Dω1 , b). 
In the sequel we shall identify a P -space of weight ω1 with a subspace of (Dω1 , b).
Lemma 4. If X is a paracompact P -space then every open cover of X has a pairwise disjoint open refinement.
Proof. Lemma 4 follows directly from [5, 7.2.4] as paracompact P -space are strongly zero-dimensional. 
Construction of Example 1. Let
X = {x ∈ Dω1 : ∣∣{α ∈ ω1: x(α) = 1
}∣∣< ω}∪ {zα ∈ Dω1 : α ∈ Lim
}
,
where supp zα = {αn: n = 1,2, . . .} ⊂ α and (αn) converges to α in the order topology.
In [12], see also [2], Lemma 2, it was proved that X is a Lindelöf space with the topology of the subspace of
(Dω1 , b).
We shall define a paracompact space Y such that X × Y is not normal. Let zα be a copy of zα and put Y =
X ∪ {zα: α < ω1}.
Put
B(zα,β) = {x ∈ X: x|β = zα|β} ∪ {zγ : γ  β ∧ zγ |β = zα|β},
where β < α. The topology of Y is generated by the sets: B(zα,β), {x} and Y \ {x}, where β < α < ω1 and x ∈ X.
Since zα is isolated in X and {x ∈ X: x|α = zα|α} = {zα}, we conclude that Y is a regular space. In order to prove that
Y is paracompact it is enough to observe, that if we have two sets of the form B(zα,β) then one contains the other
one or they are disjoint. Now let us consider an open cover V of Y . Without loss of generality we can assume that V
consists of the sets of the form {x} or B(zα,β), where x ∈ X and β < α < ω1. Then we can find a pairwise disjoint
family H consisting of the sets of the form B(zα,β), where β < α < ω1, refining V and covering Y\X. The family
H ∪ {{x}: x ∈ Y \⋃H} is a pairwise disjoint open refinement of V .
Put F1 = {(x, x): x ∈ X} and F2 = X × (Y \ X).
Then F1 and F2 are disjoint closed subsets of X × Y . We shall show that F1 and F2 are not separated, it means
that if U1 and U2 are disjoint open sets, F1 ⊂ U1 and F2 ⊂ U2 then U1 ∩ U2 	= ∅. For every x ∈ X, let Ux be an
open set in X such that Ux × {x} ⊂ U1. Since X is a Lindelöf space, there are a countable subset A1 of X, sets
B(x,αx(1)) ∩ X ⊂ Ux , for x ∈ A1 and αx(1) < ω1, such that the family{
B
(
x,αx(1)
)∩ X: x ∈ A1
}
is a pairwise disjoint cover of X.
Let us assume that for i = 1,2, . . . , n a countable subset Ai of X, B(x,αx(i)), for x ∈ Ai , have been defined in
such a way that
(i) B(x,αx(i)) ∩ X ⊂ Ux , for x ∈ Ai and the family {B(x,αx(i)) ∩ X: x ∈ Ai} is a pairwise disjoint cover of X,
(ii) if 1 < i then there is βi ∈ Lim such that ⋃{suppx: x ∈ ⋃{Aj : j < i}} ⊂ βi and {x ∈ X: suppx ⊂ βi} ∪⋃{Aj : j < i} ⊂ Ai ,
(iii) for every x ∈ Ai we have βi + ω < αx(i).
Then we can find βn+1 such that βn < βn+1,
⋃{suppx: x ∈⋃{Aj : j  n}} ⊂ βn+1. Put
Cn = {x ∈ X: suppx ⊂ βn+1} ∪
⋃
{Aj : j  n}.
For each x ∈ Cn, we can find αx(n + 1) > βn+1 + ω such that B(x,αx(n + 1)) ∩ X ⊂ Ux and put T = X \⋃{B(x,αx(n + 1)) ∩ X: x ∈ Cn}. There is a countable Dn in X such that for every x in Dn there is αx(n + 1) >
βn+1 +ω, B(x,αx(n+1))∩X ⊂ Ux ∩T and the family {B(x,αx(n+1))∩X: x ∈ Dn} is a pairwise disjoint cover of
T . Put An+1 = Dn ∪ Cn. It is easy to see that An+1, B(x,αx(n + 1)), for x ∈ An+1 and βn+1 satisfy (i), (ii) and (iii).
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belong to
⋃{An: n = 1,2, . . .}. On the other hand for every n the family {B(x,αx(n)): x ∈ An} is a cover of X.
Hence for every n there is xn ∈ An such that zβ ∈ B(xn,αxn(n)). From (i), (ii) and (iii) it follows very easily that the
set {xn: n = 1,2, . . .} is infinite and zβ ∈⋂{Uxn : n = 1,2, . . .}. In order to finish the proof it is enough to observe
that (zβ, zβ) ∈⋃Uxn × {xn}.
Corollary. The space X = (Dω1 , b) does not belong to P .
Proof. Let us observe that every Lindelöf subspace of X is a closed subspace of X. Hence from Example 1 and from
the fact that a closed subspace of an element of P is also an element of P it follows that X does not belong to P . 
Proof of Theorem 1. The implication (a) → (b) is obvious.
Proof of (b) → (c). Let us assume that X satisfies (b) and X is a subspace of (D(τ)ω1 , b), for some τ .
For each α ∈ Lim, let Yα be a subset of Dα \ (X|α) such that if y ∈ Yα , then there is an increasing sequence
(αn) ⊂ α converging to α in the order topology and a sequence (xn) of points in X such that y|αn = xn|αn, for n ∈ ω.
Let Y = X ∪⋃{Yα: α ∈ Lim}. The topology on Y is defined as follows: points of X are assumed to be isolated, if
y ∈ Yα and β < α then the topology at y is generated by the sets of the form
C(y,β) = {y′ ∈ Y : y′|β = y|β}.
Let us observe that if we have two sets of the form C(y,β) then they are disjoint or one contains the other one.
From this observation it follows that Y is paracompact. Indeed if U is open cover of Y , then we can find an open,
pairwise disjoint family refining U and covering Y \ X. The other part of Y can be covered by one-point sets.
Claim A. If U is an open subset in Y , Y \ X ⊂ U , then X \ U is a scattered subspace of X.
Proof. Suppose that M = X \U is not scattered subspace of X. Then there is a closed dense in itself subset K of M .
We shall define a subspace Z of M which will be homeomorphic to X from Example 1. This will contradict (b).
Indeed, a Lindelöf subset of a P -space is a closed set and a closed subset of an element of P is also an element of P
but X from Example 1 is not.
The symbol Fin(ω1) stands for the set of all finite subsets of ω1. If F ∈ Fin(ω1) then x(F ) is such a point of Dω1
that suppx = F .
Put Sα = {s ∈ Dα: | supp s| < ω} and S =⋃{Sα: α < ω1}. For each s ∈ S we can define by induction with respect
to α points xs in K and clopen subsets H(s) of M of the form B(x,α)∩M , where x ∈ M , α < ω1 in such a way, that if
s1 is an extension of s2 and supp s1 = supp s2, then xs1 = xs2 and if s ∈ Sα , s0 = (s,0) ∈ Sα+1 and s1 = (s,1) ∈ Sα+1,
then H(s1) ∩ H(s0) = ∅ and H(si) ⊂ H(s), for i = 0,1, and saying more generally, if s′ is an extension of s then
H(s′) ⊂ H(s). If F ∈ Fin(ω1) then put α(F ) = inf{α ∈ ω1: F ⊂ α} and s(F ) be an element of Sα(F) such that
supp s(F ) = F
Put Z1 = {xs(F ): F ∈ Fin(ω1)}. Then from the construction of xs(F ) for F ∈ Fin(ω1) it follows that a mapping h
defined by h(xs(F )) = x(F ) is a homeomorphism from Z1 onto {x ∈ Dω1 : | suppx| < ω}. For each α ∈ Lim choose
a sequence (αn) in α converging to α in the order topology. Since U is open in Y , Y \ X ⊂ U and M = Y \ U , we
conclude that the intersection
⋂
H(s(Fn)) is not empty, where Fn = {α1, . . . , αn}. Choose a point tα ∈⋂H(s(Fn))
and extend h by putting h(tα) = zα . From the construction it follows that Z = Z1 ∪ {tα: α ∈ Lim} is homeomorphic
to X from Example 1. This completes the proof of Claim A. 
Claim B. There exists a neighborhood assignment x → Ux such that for every uncountable subset A of X the inter-
section
⋂{Ua : a ∈ A} is empty.
Proof. From (b) it follows that the product X × Y is normal. Put F1 = {(x, x): x ∈ X} and F2 = X × (Y \ X). Then
F1 and F2 are disjoint closed subsets of X × Y . Let U1 and U2 be open and disjoint sets such that, F1 ⊂ U1 and
F2 ⊂ U2. Let B be a base of X consisting of the sets of the form V (x,α) = B(x,α) ∩ X, where x ∈ X.
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U1 ∩ F2 is not empty, contradicting U1 ∩ U2 = ∅.
Let us observe that if L ⊂ X is a closed subset of Y then the closure of L with respect to the topology of X (LX)
is also a closed subset of Y .
Put C(B) = T (B)X , for B ∈ B. By Claim A we infer that C(B) is a scattered subspace of X. From the definition
of C(B) it follows that C(B) ⊂ B .
We need some notation concerning scattered spaces. A scattered space Z is a space whose every subspace contains
isolated points. Put Z(0) = Z, Z(α) = ⋂{Z(β): β < α} if α is a limit ordinal number and define X(α) to be the
set of all accumulation points of X(β), where α = β + 1. For z ∈ Z denote by α(z) the ordinal number for which
z ∈ X(α(z)) \ X(α(z)+1).
For z ∈ C(B) denote by αB(z) the ordinal number for which z ∈ C(B)(αB(z)) \ C(B)(αB(z)+1).
Let B0 be the set of all elements B of B which are maximal (in the sens of inclusion) in B and such that C(B) 	= ∅.
Observe that B0 is a pairwise disjoint cover of X. If Bγ ⊂ B is defined for γ < α < ω1 then Bα ⊂ B consists of all
elements B ∈ B which are maximal in the sense of inclusion and such that
D(B) = C(B) \
⋃{
C(B ′): B ′ ∈
⋃
{Bγ : γ < α}
}
	= ∅.
Observe that Bα = ∅ or it is a pairwise disjoint family refining Bγ , for γ < α.
For B ∈ Bλ, where λ < ω1 we can define a pairwise disjoint open families Hα(B) in X and Aα(B) ⊂ C(B), for
α < ω1, such that
(1) X \⋃{Aβ(B): β < α} ⊃⋃Hα(B) ⊃ D(B) \⋃{Aβ(B): β < α} ⊃ Aα(B),
(2) if H ∈Hα(B) then the intersection H ∩ Aα(B) is a one-point set,
(3) if H ∈Hα(B) then for every β < α there is Hβ ∈Hβ(B) that H ⊂⋂{Hβ : β < α},
(4) if H ∈ Hα(B) and {x(H)} = H ∩ Aα(B) then H is of the form B(x(H),β) ∩ X, where β  α and (H ∩
C(B))(αB(x(H))) = {x(H)},
(5) ⋃{Aα(B): α < ω1} = D(B),
(6) (⋃{C(B ′): B ′ ∈⋃{Bγ : γ < λ}}) ∩ (⋃Hα(B)) = ∅,
(7) ⋃{Aα(B): α < ω1} = D(B).
From the fact that C(B ′) is a closed set for B ′ ∈ B and X is a P -space it follows that we can ensure that (6) holds.
Let us observe that X = ⋃{D(B): B ∈ ⋃{Bα: α < ω1}}. If x ∈ Aα(B) then put Ux = H , where H ∈ Hα(B),
H ∩ Aα(B) = {x} and B ∈⋃{Bλ: λ < ω1}.
Let us assume that A is an uncountable subset of X. We shall show that
⋂{Ua: a ∈ A} = ∅. Suppose not. Then
there is x ∈⋂{Ua : a ∈ A}. For a ∈ A, fix Ba ∈⋃{Bλ: λ < ω1} and α(a) < ω1 such that Ua ∈Hα(a)(Ba). There is
Bx ∈⋃{Bλ: λ < ω1} such that x ∈ D(Bx). From (6) it follows that Bx ⊂ Ba , for a ∈ A. Hence there is an uncountable
subset A′ ⊂ A and B ∈ ⋃{Bλ: λ < ω1} such that Ba = B , for a ∈ A′. This is impossible by the construction of
{Hα(B): α < ω1}. This completes the proof of Claim B. 
Let us assume that (c) does not hold and Ux , for x ∈ X be the sets of the form B(x,α) ∩ X satisfying Claim B.
Then there is a set A0 such that H0 = {Ux : x ∈ A0} and Ux , for x ∈ A0 is a maximal (in the sens of inclusion) element
of {Ux : x ∈ X}. Note that H0 is an open pairwise disjoint cover of X.
Let us assume that for β < α < ω1, Aβ ⊂ X and open pairwise disjoint family Hβ in X are defined in such a way
that the following conditions are satisfied:
(i)β X \⋃{Aγ : γ < β} =⋃Hβ,
(ii)β if β1 < β then Hβ refines Hβ1 ,
(iii)β if H ∈Hβ then the intersection H ∩ Aβ is a one-point set; we shall denote that point by x(H).
If α ∈ Lim then we consider the family S of all decreasing chains S = 〈Hβ : β < α〉, where Hβ ∈Hβ . For S =
〈Hβ : β < α〉 ∈ S put G(S) =⋂{Hβ : β < α}. If G(S) = ∅ then put H(G(S)) = ∅ = A(G(S)). If G(S) is one point
set then G(S) = {xG(S)} and put H(G(S)) = {G(S)} and A(G(S)) = G(S). If none of the above cases hold then there
is A(G(S)) ⊂ G(S) such that H(G(S)) = {Ux ∩ G(S): x ∈ A(G(S))} consists of maximal elements (in the sens of
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form B(x,β) ∩ X, where β  α. Put
Hα =
⋃{H(G(S)): S ∈ S}, Aα =
⋃{
A
(
G(S)
)
: S ∈ S}.
If α = β + 1 then for H ∈Hβ and x ∈ H \ {x(H)} define U ′x ∈ B such that U ′x ⊂ (H \ {x(H)}) ∩ Ux . Then there is
A(H) ⊂ H \ {x(H)} and a pairwise disjoint family H(H) = {U ′x : x ∈ A(H)} covering H \ {x(H)}. Put⋃{
A(H): H ∈Hβ
}= Aα and Hα =
⋃{H(H): H ∈Hβ
}
.
The negation of (c) ensures that Aω 	= ∅ and from Claim B it follows that ⋃{Aα: α < ω1} = X.
Now we are going to construct a paracompact space R, which is in a way similar to Y from Example 1, such that
the product X × R will not be normal. The definition of R is a rather technical one but unfortunately to see the idea
behind the definition of it one has to read the proof that X × R is not normal.
If α ∈ Lim then Rα ⊂ D(τ)α is such that if r ∈ Rα then there exists a strictly decreasing sequence (Oyi ) of sets of
the form B(yi, βi), where yi ∈ X, yi 	= yj if i 	= j and supβi = α, and if yi = x(Hi), for Hi ∈⋃{Hδ: δ < ω1} then
yi ∈ Oyi ∩ X ⊂ Hi and (
⋂
Oyi )|α = {r}.
Let Rω1 be a subset of D(τ)ω1 \ X such that, for every r ∈ Rω1 and α < ω1, (r|α) ∈ (X|α). Put
R =
⋃
{Rα: α ∈ Lim} ∪ Rω1 ∪ X.
The negation of (c) ensures that R \ X is not empty.
The topology on R is as follows: the points of X are isolated, if r ∈ Rω1 , then the base at r consists of the sets of
the form
B1(r, β) = {x ∈ X: x|β = r|β} ∪ {r ′ ∈ R \ X: r ′ ∈ Rγ , r ′|β = r|β, γ > β},
for β < ω1, if r ∈ Rα \ (X|α) then the base at r is given by the same formula, except for the fact that β < α, if
r ∈ Rα ∩ (X|α) then
B1(r, β) =
{
x ∈ X: x|β = r|β, (x|α) 	= r}
∪
⋃{{r ′ ∈ Rγ : r ′|β = r|β, r ′|α 	= r}: γ > β
}∪ {r}.
In order to prove that R is paracompact we need to make the following observations:
(A) If x ∈ D(τ)ω1 and there is a sequence
(rβγ ) in X|βγ such that rβγ = x|βγ ∈ Rβγ , for βγ ∈ Lim, where (βγ ) is a strictly increasing unbounded sequence
of countable ordinal numbers, then x ∈ R.
(B) If r ∈ Rα \ (X|α), then for γ  α, {r ′ ∈ Rγ : r ′ 	= r, r ′|α = r|α} = ∅.
(C) If x ∈ D(τ)ω1 , then C = {α ∈ Lim ∪{ω1}: x|α ∈ Rα} is a closed subset of Lim ∪{ω1} with respect to the order
topology.
(D) If x ∈ D(τ)ω1 and β(x) = sup{α ∈ Lim: x|α ∈ Rα ∩ (X|α)}, then x|β(x) ∈ Rβ(x) and x|γ /∈ Rγ , for γ > β(x)
and
T (x) = {r ∈ R \ X: r ∈ Rγ , r = x|γ, γ ∈ Lim}
is a compact subset of R.
Proof of (A). The observation (A) follows from the fact that if x ∈ Aα , then for y = x(H), where H ∈Hγ , γ > α,
x /∈ H and the set
Z =
{
z ∈ X: z = x(H), H ∈
⋃
{Hλ: λ < α, x ∈ H }
}
is countable.
Since x /∈ Z, there is β < ω1 such that (x|β) /∈ Z|β . From this it follows that if γ ∈ Lim\β then (x|γ ) /∈ Rγ ,
contradiction.
The proof of (B), (C) and (D) is easy. Using (A), (B), (C) and (D) one can prove that R is paracompact. Let G be
an open cover of R. Without loss of generality we can assume that G is closed with respect to finite unions. Let G1 be
a pairwise disjoint open family refining G and consisting of the sets of the form B1(r,α) such that
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(2) For every B1(r,α) ∈ G1, β < α, r ′ ∈⋃{Rγ : β < γ }, G ∈ G, if r ′|β = r|β then B1(r ′, β) \ G 	= ∅;
(3) For every B1(r,α) ∈ G1, G ∈ G and r ′ ∈ R \ X, if r 	= r ′ and r ′ is an extension of r then B1(r ′, α) \ G 	= ∅.
Let us assume that Gn is defined and B1(r0, α0) ∈ Gn, where r0 ∈ Rγ0 . If γ0 = ω1 then put G(B1(r0, α0)) = ∅.
If γ0 < ω1 then let G(B1(r0, α0)) be a pairwise disjoint open family refining G and consisting of sets of the form
B1(r,α) satisfying conditions similar to (1), (2) and (3) with the additional requirement that r and r ′ are extensions
of r0, γ0 < β and γ0 < α. Put
Gn+1 =
⋃{G(B1(r0, α0)
)
: B1(r0, α0) ∈ Gn
}
and H=
⋃
{Gn: n = 1,2, . . .}.
It is not difficult to show that H ⊃ R \ X. Suppose that the last inclusion does not hold. Then there is r ∈ R \
(
⋃H ∪ X). Hence we can find increasing sequences (αn), (βn) of countable ordinal numbers and a sequence (rn) of
points of R \X such that βn < αn < βn+1, rn ∈ Rαn , B1(rn,βn) ∈ Gn and r|αn = rn, for n = 1,2, . . . . These sequences
can be constructed by induction with respect to n using (1), (2) and (3). Put α = supαn and r ′ = r|α. Then from (C)
it follows that r ′ ∈ R \ X. There are G ∈ G and n such that B1(r ′, βn) ⊂ G, contradicting (3) for Gn, where r should
be replaced by rn and α by βn. By the construction H is an open pairwise disjoint family refining G. Since points of
X are isolated in R, we conclude that R is paracompact.
In order to finish the proof of the implication (b) → (c) it is enough to show that from the negation of (c) it follows
that the product X × R is not normal.
Put F1 = {(x, x): x ∈ X} and F2 = X × (R \ X). Then F1 and F2 are disjoint closed subsets of X × R. We
shall show that F1 and F2 are not separated by open sets. Suppose that U1 and U2 are open sets such that F1 ⊂ U1
and F2 ⊂ U2. For each x ∈ X let us choose x ∈ U ′x , where U ′x is of the form B(x,β) ∩ X and if x = x(H), where
H ∈⋃{Hα: α < ω1}, then U ′x ⊂ H and U ′x × {x} ⊂ U1.
Now we can define open, pairwise disjoint families H′n in X and A′n ⊂ X, for n ∈ ω. We mimic the construction of
An and Hn. The only difference is that, if x = x(H), then we require that H ⊂ U ′x .
The negation of (c) ensures that there are zn = x(Hn) ∈ A′n, Hn ∈H′n, Hn+1 ⊂ Hn \ {zn} and
⋂{Hn: n ∈ ω} ∩
X 	= ∅.
If Hn = B(zn,βn) ∩ X, β = supβn, z ∈⋂Hn ∩ X, then z|β = r ∈ Rβ . It is easy to see that the sequence (z, zn)
converges in X × R to (z, r) and (z, zn) ∈ U ′zn × {zn}, so U1 ∩ U2 	= ∅. This completes the proof of the implication(b) → (c).
Proof of (c) → (a). The proof follows from the facts mentioned in Remark 1. 
Proof of Theorem 2. Let {Ux : x ∈ X} be an open family in X satisfying (c). Without loss of generality we can
assume that its elements belong to B. There is C1 ⊂ X such that H1 = {Ux : x ∈ C1} is a pairwise disjoint open cover
of X. Let us assume that for i = 1,2, . . . , n − 1 are defined Ci ⊂ X and a pairwise disjoint open family Hi in X such
that
(1i ) for each H ∈Hi the intersection H ∩ Ci is a one-point set denoted by {x(H)},
(2i )
⋃Hi = X \⋃{Cj : j < i}.
If H ∈Hn−1 then there is C(H) ⊂ H \ {x(H)} such that H(H) = {U ′z: z ∈ C(H)} is a pairwise disjoint cover of
H \ {x(H)}, where U ′z ∈ B, z ∈ U ′z ⊂ Uz ∩ (H \ {x(H)}). Put Cn =
⋃{C(H): H ∈Hn−1} and Hn =⋃{H(H): H ∈
Hn−1}.
Let U be an open cover of Xω.
Put Cω1 = Z1. For x = (xn)∞n=1 ∈ Xω let n(x) be a minimal natural number such that there are an open neigh-
borhood B of x of the form B = B1 × B2 × · · · × Bn(x)−1 × X × X × · · · and U ∈ U such that B ⊂ U . Let Z′1
be a subset of Z1 such that for every z ∈ Z1 there is exactly one z′ ∈ Z′1 such that n(z) = n(z′) and for every
j = 1,2, . . . , n(z) − 1, zj = z′j , where z = (zj )∞j=1 and z′ = (z′j )∞j=1. For every z ∈ Z′1 let Vz be a set of the form
B = B1 ×B2 × · · ·×Bn(z)−1 ×X ×X × · · · such that there is U ∈ U , B ⊂ U , Bj ∈ B and zj ∈ Bj ⊂ Hj ∈H1, where
zj = x(Hj ), for j = 1,2, . . . , n(z) − 1. Put Oz = H1 × H2 × · · · × Hn(z)−1 × X × X × · · ·, V1 = {Vz: z ∈ Z′1} andO1 = {Oz: z ∈ Z′ }. Then O1 is a pairwise disjoint open cover of Xω, z ∈ Vz ⊂ Oz, for z ∈ Z′ and ⋃V1 ⊃ Z1.1 1
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(1) Vi refines U ,
(2) Oi is a pairwise disjoint open cover of Xω such that for every V ∈ Vi there is exactly one O(V ) ∈Oi such that
V ⊂ O(V ) and for every O ∈Oi there is exactly one V (O) ∈ Vi such that V (O) ⊂ O ,
(3) elements of Vi and Oi are of the form B1 × B2 × · · · × Bm × X × X × · · ·×, where Bi ∈ B,
(4) if O = B1 ×B2 ×· · ·×Bm ×X×X×· · ·× ∈Oi and k(j) is a minimal natural number such that Bj ∩Ck(j) 	= ∅,
for j = 1,2, . . . ,m then Bj ∩Ck(j) is a one point set equal to x(O, j) and Bj ⊂ Hj , where x(O, j) ∈ Hj ∈Hk(j),
V (O) = B ′1 × B ′2 × · · · × B ′m × X × X × · · · and x(O, j) ∈ B ′j ∈ B, for j = 1,2, . . . ,m,
(5) if O = B1 × B2 × · · · × Bm × X × X × · · · ∈ Oi , V (O) = B ′1 × B ′2 × · · · × B ′m × X × X × · · · ∈ Vi and z =
(zn)
∞
n=1 ∈ Xω, where zi = x(O, i), for i = 1,2, . . . ,m, n(z)m then there is U ∈ U such that B ′1 × B ′2 × · · · ×
B ′n(z)−1 × X × X × · · · ⊂ U and B ′i = Bi , for n(z) i m.
Let V = B ′1 × B ′2 × · · · × B ′m × X × X × · · · ∈ Vn and O(V ) = B1 × B2 × · · · × Bm × X × X × · · · ∈ On. Put
Fj = Bj \B ′j , for j = 1,2, . . . ,m. If Fj = ∅ then put Kj = {x(O, j)}. If Fj 	= ∅ then there is C′k(j)+1 ⊂ Ck(j)+1 and a
pairwise disjoint, open cover Tj of Fj such that, for each T ∈ Tj , T ∩Ck(j)+1 is a one-point set contained in C′k(j)+1,
T ⊂ Fj ∩ H , where H ∈Hk(j)+1 and {x(H)} = T ∩ Ck(j)+1.
Following the argument used in connection with the construction of V1 we can define a pairwise disjoint clopen
family V(V ) refining U and a pairwise disjoint open cover O(V ) of B1 × B2 × · · · × Bm × X × X × · · · such that
(a) ⋃V(V ) ⊃ K1 × K2 × · · · × Km × C1 × C1 × · · ·, where Ki = {x((O(V )), i)} ∪ C′k(i)+1, for i = 1,2, . . . ,m, if
Fi 	= ∅ and Ki = {x(0, j)}, if Fi = ∅,
(b) elements of V(V ) are of the form P1 × P2 × · · · × Pl × X × X × · · ·, where Pi ∈ B, for i = 1,2, . . . , l,
(c) if V ′ = P1 ×P2 × · · ·×Pl ×X ×X × · · · ∈ V(V ) then Pi ∩Ki is a one-point set for i = 1,2, . . . ,m, and Pi ∩C1
is a one point set for i = m + 1, . . . , l,
(d) if V ′ = P1 × · · · × Pl × X × X × · · · ∈ V(V ) and l > m then for every R1 × R2 × · · · × Rl−1, where Ri ∈ B and
Ri ∩ (Ki ∪C1) = Pi ∩ (Ki ∪C1), for i = 1,2, . . . , l−1 and U ∈ U , U \ (R1 ×R2 ×· · ·×Rl−1 ×X×X×· · ·) 	= ∅,
(e) if V ′ = P1 × P2 × · · · × Pl × X × X × · · · ∈ V(V ) and Pi ∩ (Ki ∪ C1) = {xi}, for i = 1,2, . . . , l, then
Pi ⊂ B ′i , if xi = x
(
O(V ), i
)
,
Pi ⊂ T , if xi ∈ T ∈ Ti , for i = 1,2, . . . ,m
and
Pi ⊂ H, if xi ∈ H ∈H1, for i = m + 1, . . . , l,
(f) if V ′ = P1 ×P2 ×· · ·×Pl ×X×X×· · · ∈ V(V ) and Pi ∩ (Ki ∪C1) = {xi} then O(V ′) = R1 ×R2 ×· · ·×Rl ×
X × X × · · ·, where
Ri = B ′i , if xi = x
(
O(V ), i
)
,
Ri = Ti, if xi ∈ Ti ∈ Ti , for i = 1,2, . . . ,m,
Ri = H, if xi ∈ H ∩ C1 and H ∈H1, for i = m + 1, . . . , l,
(g) if V ′ = P1 ×P2 ×· · ·×Pl ×X×X×· · · ∈ V(V ), O(V ′) = R1 ×R2 ×· · ·×Rl ×X×X×· · ·, z = (zn)∞n=1 ∈ Xω,
where zi is the unique point of the intersection of (C1 ∪ Ki) ∩ Ri , for i = 1,2, . . . , l and n(z)  l then there is
U ∈ U such that P1 × P2 × · · · × Pn(z)−1 × X × X × · · · ⊂ U and Pi = Ri , for n(z) i  l.
It is easy to see that
⋃{O(V ′): V ′ ∈ V(V )} = O(V ). Put Vn+1 =⋃{V(V ): V ∈ Vn} and On+1 = {O(V ′): V ′ ∈
Vn+1}. Then Vn+1 and On+1 have the desired properties.
From the construction it follows that Vn, for n = 1,2, . . . , is a discrete, open family refining U . In order to finish
the proof it is enough to show that
⋃{Vn: n = 1,2, . . .} is a cover of Xω. Fix x = (xn)∞n=1 ∈ Xω. Since Oi is a
cover, for i = 1,2, . . . , there exists Oi = Oi1 × Oi2 × · · · × Oimi × X × X × · · · ∈Oi such that x ∈ Oi. Let m1 be a
maximal natural number such that there is k1 and x(Ok1 ,1) ∈ Cm . If such a number does not exist then we would1
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Let us observe that from the construction of (Oi )∞i=1 it follows that for each i  k1 we have x(Oi,1) = x(Ok1 ,1) ∈
Cm1 .
If m1,m2, . . . ,ml and k1, k2, . . . , kl are defined in such a way that mi is a maximal natural number that x(Oki , i) ∈
Cmi , for i = 1,2, . . . , l, then ml+1 is a maximal natural number that there is kl+1 > sup{k1, k2, . . . , kl} and x(Okl+1 ,
l + 1) ∈ Cml+1 .
Put yi = x(Oki , i), for i = 1,2, . . . and y = (yi)∞i+1. Observe that, for n ki and j  i, we have x(On, j) = yj .
If l = kn(y)+1 then from the definition of n(y), (mi)∞i=1, (ki)∞i=1 and construction of (Vi )∞i+1 and (Oi )∞i+1 it follows
that there is V ∈ Vl and y ∈ V . From the definition of y and Vi we infer that x ∈ V .
Now let us pass to the second part of the theorem. Let us assume that Z = f (X), where f is a closed mapping
from X onto Z and Z is an ω1-metrizable space. If {Ux : x ∈ X} satisfies the condition (c) then it is easy to see that
{Hz: z ∈ Z}, where Hz = f (X) \ f (X \⋃{Ux : f (x) = z}), satisfies (c) as well. 
Proof of Theorem 3. The implication (1) → (2) was proved in [16]. Suppose that X is in Π∗ and it is not a scattered
space. Then we can define very easily a subspace F of X which is homeomorphic with Z = {x ∈ Dω1 : | suppx| < ω}
with the topology of the subspace of (Dω1, b). Since Z is a Lindelöf space, we conclude that F , as a closed subspace
of X, belongs to Π∗. From Example 1 it follows that F is not in Π∗, contradiction. 
Remark 4. One can show that if X =⋃{Xα: α < ω1} is a P -space, where Xα is Lindelöf, then for every paracompact
P -space Y the product X × Y is paracompact.
Question 1. Is it consistent with ZFC to assume that if X is a P -space, w(X) ω1 and for every paracompact P -space
Y the product X × Y is paracompact then X is a union of ω1 Lindelöf subspaces?
Question 2. Do the results of the paper extend to the class of paracompact P -spaces?
Question 3. Does there exist in ZFC an example of an ω1-metrizable space X of weight ω1 such that Xω is not
paracompact?
Remark 5. If the answer to Question 1 is positive then we can formulate Remark 4 in the form of equivalence.
Remark 6. If the answer to Question 1 is positive in a model of ZFC consistent with the negation of Kurepa Hypoth-
esis, abbreviated (KH), and (GCH) then Remark 3 assumes the form: if X is a P -space and w(X) ω1 then under
(KH) and (GCH) the following conditions are equivalent
(∗) the product X × Y is paracompact for every paracompact P -space Y ,
(∗∗) cardinality of X is not greater than ω1.
Remark 7. In [9] was given a characterization of all spaces whose product with every ω1-metrizable space is normal.
Question 4. (H. Junnila) Is a paracompact space X in P provided that X has a neighborhood assignment x → Ux
such that for each point y the set {x: y ∈ Ux} is compact?
Remark 8. In [7] H. Junnila proved that X is metacompact if it has such a “co-compact” neighborhood assignment
consisting of open sets; moreover, if X has a closure-preserving cover by closed compact sets, then X has an “open
co-compact” neighborhood assignment.
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